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Some Convergence Theorems
On 6 —Denjoy Integral
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Several descriptive integrals were contructed by using the concept omsolute continuity on an interval [a, b] C

R. By generalizing interval [a, b] into fundamental & —interval for a positive function § on interval [a, b], we

can construct an absolute & —continuous function on interval [, b]. In this paper, the author used literature

review to construct a Denjoy mtegral with respect to function & which 1s called & —Denjoy integral. In addition,

the author proved the Cauchy theorem and Harnach theorem on such an integral.
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1. INTRODUCTION

There have been many descriptive integrals
studied by such mathematicians > 7% 1121510,

Using absolute continuity concept which
involves interval system "> '"'° there have been
studied Denjoy integral on a cell [a,b] CR.
Schwabik ' introduces descriptive integral using
generalized ordinary differential equation approach
while the others, using approximately interval
system.

Quite different from the afore mentioned
authors, we will study descriptive integral,
especially Denjoy integral type that the absolute
continuity concept used refers to absolute
continuity ", that is, the absolute continuity
which involves & —fundamental interval system *
' Beside that, we will study the Cauchy theorem
and Harnach theorem on this integral later.

2. BASIC CONCEPT
In this section, we study some basic concepts

and related properties that is useful for later
discussion.

1

Definition 2.1" " Given two real numbers a,b
witha # b. If 8:[a,b] > R*and y €1, then an
interval (s,t) ={u€labl:y—6y)<s<u<
t<y+ 80} is called a § — fundamental interval
at y. We denote D, for a collection of all
Sundamental § —intervals at y. Some properties of
D, are
D1. Forevery D, € Dy and s <y <,
D, =Dy, n(s,t) ED,
D2.If Dy, D," € Dy, then
D, nD, €D,.
D3. Given an index set U. If for any f € U we
have Dxﬁ €D, . then
D, = 55qu3 €D,
D4. Forevery Dy € Dy, x € Dy and there are
u, v € Dy with
u<x<w
D5, Let D, be elemen of D. If u,v € D, and
u < x < v, then there exists m,n € D, with
u<m<x<n<v.
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Note that D, # @. So, we can take exactly
one D, € D,. The collection of all D, such as
denoted by G.

Definition 2.1* A collection A of all closed
intervals [w,v] with w,v €D, €G is called a
A —fundamental full cover (FFC — A) on [a, b] and
G is called a generator of FFC — A.

Definition 2.2'° Given two real numbersa, b with
a#hb, 8[abl=>R", and ECcR. The ral
enumber | is said to be § —limit point of a set E if
Jfor any findamental § —interval Dy € Dy we have
DiNE—{l}#0.
:
Definition 2.3" Given two real numbers a, b with
a#b8:1= [a,b]l] >Rt . A real finction H
defined on I, and ¢ be & —limit point of 1. The real
number Lis called to be § —limit of a finction H
Jfor x closed to ¢ and denoted by
5 ;)lcimh'(x) =1
if for every a €R, a>0, there exists a
fundcmental § —interval D, € D, such that jor eny
¥ € D,y # c implies
|[H(y) - 1| < a.
Definition 2.4"° Given two real numbers a, b with
a#band &:1= [a,b] = R*. If a real function
Honl, cbed —lif} point of Iand
) ;_’lcim H(x) = H(c)
then H is said to be § —continuous at ¢
Definition 2.5" Given two real numbers a, b with
a#b, 6:1= [ab]—>R"andc€[abl If the
real number
DsH(c) = 6 — im N —H©
Y= y—c
exists, then DgH (c) is called to be § —Derivative of
a fitnction H: I = R at c.

If two real numbers a, b with @ < b be given
and 68:[a,b] > R* We have some types of
& —absolute continuity af a function.

Definition 2.6 Given two real numbers a, b with
a<b, 6:1=[ab] - R*" Y beasubset of R and
H be a real function on 1.

(1) If Jjor every e € R,e >0, there exists p €
R*, such that for every sequence (x;) onY
there is (D,(i) s Dy, are nonoverlapping,
D, €Dy, such that if Filx;—u;|l <p,
U; € Dy, implies

> IHG) — Hpl <e.

then a function H is said to be wedalkly
absolutely & — continuous on Y. We denote
€ICs(Y) for the set of all H with H is wealkly
absolutely § — continuous functions on a
subset Yof [a, b].

(1) If we have Yy,Y;,Ys, .. with properties
Y @U;Y; and H € AC5(Y;) for every i, then
H is said to be generalized wealkly absolutely
€)—continuous on Y. We denote ACGs(Y) for
the set of all Hwith H is generalized wealdly
absolutely 8§ —continuous functions on a'¥.

(iil) If  for everv € € R,e > 0, there exists p €
R*, with properties: for every xi,X3,Xg,
x; € Y we have (Dy,), Dy, are nonoverlapping
Dy, € Dy, such that |y — w;| <p,u; €Dy,
implies

> wHifab)) <&

with a; @min{y;, w;} and b; = max{y,u;}
then H is said to be strongly absolutely
€)— continuous on Y. We denote AC5(Y) for
the set of all H with His strongly absolutely
6 —continuous functions on a set Y.

(V) If we have Yy,Yy, Yy, .. with properti)
Y =U;Y; and H € AC5(Y;) for every i, H is
said fo be generalized strongly absolutely
& —continous on a set Y fjpd ACGy(Y) denote
the set of all Hwith His generalized strongly
absolutely § —contimious functions on asetY.

1
?he following theorems will be used in
next discussion.

Theorem 2.1 Given a positive real finction § on
closed and bounded interval I = [a,b] . The
Cs(1), AC5(I), and ACGg(I) are linear spaces .

Theorem 2.2 Given a positive real fundgpn & on
closed and bounded interval I = |a,b), H be a real
JSunction on I and s € I. [f DgH () exists, then H is
& —continuous at a point s.

Theorem 2.3" Given two real numbers a,b with
a < b. If DsgH(s) exists for every s on | = [a,b],
then H € ACG;(1).

Theorem 2.4"* Given two real numbers a, b with
a<b If I =[ab) and DsH(s) exists for all
s nearly everywhere on interval I, then H €
ACGg ().
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3. RESULT AND DISCUSSION
Definition 3.1: Given two real numbers a,b
with a<b, and 8:1=[a,b] = R*. If there
exists a real function H on [ with
properties:

(1) DgH(s) = h(s) for all s allmost

everywhere on [a,b],

(1) H € Cs(I) N ACGELI),
then a real function hdefined on I is said to
be 6 —Denjoy integrable or Dg—integrable
on I. The real number

(03) f h(s)ds = H(b) — H(a)

is called to be Dg— integral value of a
Junction h on land a function H is called
Dg —primitive of h on 1. We denote Dg(I) for
the set of all h, with his a Dz —integrable
Junctions on I..

It is easy to understand that the Dy —integral value
of a function h on I = [a,b] is unique.

Theorem 3.1: [ s,h € Dg[a,b] and Sis a real
nuniber, then s + h € Dz[a,b] and s € D;[a,b].

Proof: Let S and H be Dy —primitive of s and h
on [a,b] =1 . Then DgH(y) = h(y) allmost
everywhere. on [ and S,H € Cs(I) N ACGg(I). By
applying Definition 2.5, Theorem 2.1 and Theorem
2.2, Dglab] is a linear space, ie. s+h€
Dgsla,b] and s € Dz[a,b]. m

Theorem 3.2: If h € Dgla, b) and [s,t] € [a,b],
then h € Dy[s, t].

Proof: Let H be a Dg —primitive function of
h on I =[a,b]. By Definition 3.1, we have
H:[a,b] > R with DsgH(y)=h(y) allmost
everywhere on | and H € Cs(I) N ACGg(1) .
Since [s,t] = [a,b], then, H:[s,t] » R with
DsH(y) = h(y) allmost everywhere on [s,t]
and F € Cs[s,t] N ACGg[s,t] . Since HE
ACGg[a,b] then by applying Definition 2.5,
there are V;,¥,,¥;,... with properties
UienY: =1 and F € AC5(Y;) for eny i€EN.
Define
L; =Y nlu,v).

Then we have: [u,v] = UjeyL; and H € AC5(L)
for every i. So, H € ACGg[s,t] . Consequently
H € Dg[s,t]. m

3

Theorem 3.3: Given two real numbers ¢, d with
c<d and | =[c,d]. If s€ Dg(l) and p be an
interior pom of I, !hen

05 f sdt = (D3) f sdx + (D)) f s()dx.

Pmnf By using Theorem 31, s€ Da[c p] and
s € Dg[p,d]. If Sis a D —primitive of 5 on [c,d],
then

(D3) [ sdt = S(d) — S(c)

= [S(@) - S@)] + [S() — S ()]

= (03) [T sGdx + (D) [} s(x)dx. m

Theorem 3 (Cauchy Theorem): If s € Dg[p, q]
Jorevery [p,q] € [c,d] withe <p < q <d and
8 — limy,_g+,qa-(D3) [ s(6)dt = A (exist),
then s € Dg[c,d] with
(D) [ s(tydt =

Proof: By applying Theorem 3.2, we have a
function S:[c,d] —» Rwith S(x) = (Dj) [ s(t)dt
for every x € [¢,d]. So, we have DsS(x) =s(x)
allmost everywhere on [c,t] and H € Cglc, t] n
ACGg|c, t] for every € [c,d] .
Since

8 —limy_4- S(x) =

8 — limyq-(D}) [ s(t)dt =A,

then for eny real number &€ > 0 there exists a
8§ — fundamental interval D; € D, such that for
every u € Dy with u < d we obtain

IS(w) — Al < =—
for every positive integer k.
Furthermore, define S(d) = A. By the Definition
2.5and 2.6, we have: Sis § —a.ontinuams atd and

1SQ) — S <537

for every positive integer k.
Hence

2k+2

2k+2

(S [ud]) <= 2,‘” 3.D
Since t € [¢,d], then we choose t=u such
that (3.1) holds. Since S € ACGg[c,u], then
there are X;,X;,.. of sets with [c,u] =
Uien X; and for every i, we have S € AC; (X:).
So, there is a positive integer number m
such that u€X, and S€EACs;(X,) .
Consequently, there 1s a positive real
number p with properties: if (x;) is
anysequence with X; € X, there are
Do Dy i D55 Dy i=1,2,8..) is
nonoverlapping, with Dy, €Dy, such that for
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every u; € Dy, N Xy, with Tyenlx; —uil < p we
have

Tien0(Si[ab) <o (B2)
with ¢; = min{x;, u;} and  d; = max{x;,u;} .
Furthermore, define a set ¥ = X, U [w, b]. If (L;)
1s any sequence on Y. then we have a sequence
(Dxi) of nonoverlapping & — fundamental

intervals with D, € Dy, By (3.1) and (3.2), if

u; € Dxi NnY and Eiemlxi — v:,-| <p then

Z o(S; [cod])
[EN

<> w(S: [codi 1)
iEMx;EXp

+ w(S; e, d;i )
el xe(ub)
<= +E =
2 2

with ¢; = min{x;,4;} and d(- = max{x;,u;}. So.
S € AC;(Y). Consequently, S € ACGs[c,d].
Since a function S 1s § —continuous at d, then we
have
6§ —limS(x) =
x—d

So, we have

§—1limS(x) =
x—d”

(Dy) [ s(t)dt = A. m

Theorem@E} (Harnach Theorem): Given two real
nunmbers ¢,d with ¢ <d and I = [c, d]. If the
following@bnditions are hold

(i) Ybeficlosed subset of |

(i) ([s;,t;]) be a sequence of contiguous

closed intervals of Y on I,
(iii) Iy is the a charachteristic functionon Y,
(iv) hly € D5(I), h € Dg[s;, t;] with

Eiem(Dé)fs? hdt < co,
then h € Dg[c,d] with

) J; hayal :ZE ) f h(Ddl

Z I(Da) f rDdl.

Proof: Since hiz € Dg(I) then we have a function
H:I - R with DsH(y)=hlg(y) allmost
everywhere on [ and H € Cs(1) N ACGz(]). Since
h € Dg[s;, t;]. then for all positive integer number
i we have a function H;:[s;, t;] - R with H; €
Cs[si,ti] N ACGg[s;, t;]. Since [s;,¢;] is closed and
contiguous of E on [¢,d]. then we have

= v =] [t

Furthermore, if we define a real function G on
[c,d] where

GO
k-1
Hy)+ ) Hi(¥);y =Sk S = tg-q OV Sy # tyyq
i=
= H(y); y €Y and there is no k withy = s;
k-1
H(y) + _lH('(JV) + He () ¥ € [sptie]s

then we have:

(1) H(y) = h(y) allmost everywhere on [c, d].

(2) H € AC;(Y) NACG;[c,d].

(3) Ghee H € Cy[si,t;] N ACGy[s;,t;] then H €
Cs(Uienlsi ti]) N ACG5(Ujenlsi ti]) so HE
Cslc,d] n ACGg[c,d].

By using (1) and (3). we have h € Dg[c, d].

Note that

;) [ (hly,()dl = (D) j hQ)dL.

Since Z:EN(Ds)f "h(D)dl < o, we obtain

(03) f Ayl = (03) [ nwa
a E

+ (D3) j h(dl
Uienlsiti]
= (D) [ (hly) (Dl
+ Tien [0 [} (Dall] m.

4. CONCLUSIONS

Given a positive function § on cell [a,b].
Based on the concept of § —fundamental continuity
and generalized § — fundamental continuity, we
have constructed descriptive-type integral which
was defined as & — Denjoy integral and also
successfully proved the Cauchy theorem and the
Harnach theorem on the integral.
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